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ARTIN APPROXIMATION COMPATIBLE WITH A CHANGE OF
VARIABLES
GOULWEN FICHOU, RONAN QUAREZ AND MASAHIRO SHIOTA
Abstract. We propose a version of the classical Artin approximation which al-
lows to perturb the variables of the approximated solution. Namely, it is possible
to approximate a formal solution of a Nash equation by a Nash solution in a com-
patible way with a given Nash change of variables. This results is closely related
to the so-called nested Artin approximation and becomes false in the analytic
setting. We provide local and global version of this approximation in real and
complex geometry together with an application to the Right-Left equivalence of
Nash maps.
Let F (x, z) ∈ K{x, z} be a convergent power series in two sets of variables x =
(x1, . . . , xm) and z = (z1, . . . , zn) where K denotes the field of real numbers R or
complex numbers C. M. Artin [1] proved in 1968 that any formal power series
Φ ∈ K[[x]]n solution of F (x,Φ(x)) = 0 can be approximated in the m-adic topology,
where m = (x), by convergent power series Φ˜ ∈ K{x}n solution of F (x, Φ˜(x)) = 0.
The result remains valid replacing the analytic power series by formal power series
that are algebraic over the polynomials, also called Nash power series and denoted
by Kalg[[x]].
There exists an important literature dealing with Artin approximation and its
various generalisations (cf. [10] for a recent survey). In this paper, we are interested
in a version of Artin approximation involving a modification of the source variables
of the function to approximate. Roughly speaking, given convergent power series
G ∈ K{x} and F ∈ K{x, y, z}, can one approximate formal solutions Φ ∈ K[[x]]
and Ψ ∈ K[[y]] of the equation F (x,Φ(x),Ψ ◦G(x)) = 0 by convergent power series
solutions ?
The answer to that question is negative in general, as it can be derive from
Gabrielov counter-example to the nested version of Artin approximation [5]. Nev-
ertheless, we prove in Theorem 1.1 that the answer is positive is F and G are of
class Nash rather than only analytic. We propose moreover global versions of this
approximation result in the real (Theorem 2.2) and complex (Theorem 2.5) alge-
braic setting. A particular case of this modified version of Artin approximation has
already been used by the third author, in the local case as well as in the global real
case, to prove that the Right-Left analytic equivalence of real Nash maps implies
their Right-Left Nash equivalence [12]. The approach proposed in the present pa-
per enables to recover these results as direct and more conceptual consequences of
Artin-type approximation.
The proof of this version of Artin approximation is based on nested approxima-
tion, which enables to approximate the solutions by keeping the dependence of the
solutions in certain variables (cf. [14] for example). We show in fact that the version
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presented in the paper is somehow equivalent to nested approximation. Note that
the nested approximation, which is known to hold true in the Nash setting but not
in the analytic one, is based on Ne´ron desingularisation of regular ring morphisms
[9, 13]. For the global versions, we use in the real setting the work by Coste, Ruiz
and Shiota [2], where the regular ring homomorphism considered is the inclusion
morphism of Nash functions in analytic functions on a compact Nash manifold,
whereas in the complex setting we used the work by Lempert [7] who consider the
regular ring homomorphism given by the inclusion of the constant functions in the
analytic ones, in the case of compact polynomial polyhedra.
The paper is organised as follows. In the first section we deal with the simplest
situation of the local case, showing that formal solutions of Nash equations can be
approximated by Nash solutions. The main ingredient is nested approximation. In
the second section, we tackle the global version, whose proof need some additional
ingredients to achieve the approximation of analytic solutions of Nash equations by
Nash solutions.
1. Local case
Let K denote a field. Denote by K[[x1, . . . , xm]] and Kalg[[x1, . . . , xm]] respectively
the rings of formal powers series and algebraic power series (over the polynomials
K[x1, . . . , xm]), endowed with the m-adic topology where m denotes the maximal
ideals generated by (x1, . . . , xm).
Theorem 1.1. Let l, m, n, p, q ∈ N and x = (x1, . . . , xm), y = (y1, . . . , yn), z =
(z1, . . . , zp) and t = (t1, . . . , tl). Let F ∈ Kalg[[x, y, z]]q and G ∈ Kalg[[x]]l be such
that F (0) = 0 and G(0) = 0.
Assume that there exists Φ ∈ K[[x]]n and Ψ ∈ K[[t]]p such that Φ(0) = Ψ(0) = 0
and F (x,Φ(x),Ψ ◦ G(x)) = 0. Then, we can approximate Φ by Φ˜ ∈ Kalg[[x]]n and
Ψ by Ψ˜ ∈ Kalg[[t]]
p such that F (x, Φ˜(x), Ψ˜ ◦G(x)) = 0.
Before proving this result, let us show an immediate application to the so-called
Right-Left equivalence relation of Nash function maps, in the case K = R. We say
that the germs at the origin of the Nash maps f : Rn → Rm and g : Rn → Rm are
formally Right-Left (resp. Nash Right-Left) equivalent if there exist some smooth
(resp. Nash) diffeomorphisms φ : Rn → Rn and ψ : Rm → Rm, such that the Taylor
expansions of g ◦φ and ψ ◦f at the origin coincide (resp. g ◦φ = ψ ◦f). One recover
the following (originally proved in [12]):
Corollary 1.2. Let f : Rn → Rm and g : Rn → Rm be two Nash germs at the
origin. Then, f and g are formally Right-Left equivalent if and only if they are
Nash Right-Left equivalent.
Proof. Assume f and g are formally Right-Left equivalent, so that there exist smooth
diffeomorphisms φ and ψ such that g ◦ φ = ψ ◦ f at the level of Taylor expansions.
Denoting F (y, z) = g(y)− z, we obtain that the Taylor expansions of φ and ψ are
formal solutions of
F (φ(x), ψ ◦ f(x)) = 0.
Using Theorem 1.1, it is possible to approximate φ and ψ by Nash map germs φ˜
and ψ˜, which remain diffeomorphisms by (close enough) approximation, such that
F (φ˜(x), ψ˜ ◦ f(x)) = 0.
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Hence g ◦ φ˜ = ψ˜ ◦ f , so that f and g are Nash Right-Left equivalent. The converse
implication is immediate. 
Remark 1.3. The result is no longer true if we replace algebraic power series with
analytic power series. A counter-example in the real case is exhibited in [12], based
on a famous example of Osgood and Gabrielov [5]. More precisely, there exist two
germs of analytic maps f, g : (R2, 0)→ (R4, 0) which are Left equivalent as smooth
germs, but not Left equivalent as analytic germs.
Let us come back now to the proof of Theorem 1.1 which is a consequence of the
nested version of Artin approximation in the local case (see [14]).
Proof of Theorem 1.1. Write F = (F1, . . . , Fq). We translate the equation
F (x,Φ(x),Ψ ◦G(x)) = 0
into the conditions that{
∀k ∈ {1, . . . , q} Fk(x,Φ(x),Ψ(t)) = 0
∀j ∈ {1, . . . , l} tj = Gj(x).
Since G(0) = 0, the set
{x1, . . . , xm, t1 −G1(x), . . . , tl −Gl(x)}
may serve as a new set of variables for K[[x, t]]. In particular, considering the Fk’s
as formal power series, we obtain, for any k ∈ {1, . . . , p}, a unique decomposition
Fk(x,Φ(x),Ψ(t)) =
∑
(a,b)∈(N∪{0})m×(N∪{0})l
ca,bx
a(t−G(x))b
with ca,b ∈ K, xa =
∏m
i=1 x
ai
i and (t − G(x))
b =
∏l
j=1(tj − Gj(x))
bj . Moreover the
coefficients ca,0 must vanish since Φ and Ψ are solutions of
F (x,Φ(x),Ψ ◦G(x)) = 0.
So we can rewrite these decompositions of the Fk’s as finite sums
Fk(x,Φ(x),Ψ(t)) =
l∑
j=1
ξk,j(x, t)(tj −Gj(x))
for some ξk,j ∈ K[[x, t]]. Consider the system of equations inKalg[[x, t]] with variables
{Ui, Vr,Wk,j}(i,j,k,r)∈{1,...,n}×{1,...,l}×{1,...,q}×{1,...,p}
defined by:


F1(x, U1, . . . , Un, V1, . . . , Vp)−
∑l
j=1W1,j(tj −Gj(x)) = 0
...
Fq(x, U1, . . . , Un, V1, . . . , Vp)−
∑l
j=1Wq,j(tj −Gj(x)) = 0.
This system of equations in Kalg[[x, t]] admits

(U1, . . . , Un) = Φ(x)
(V1, . . . , Vp) = Ψ(t)
Wk,j = ξk,j(x, t), (j, k) ∈ {1, . . . , l} × {1, . . . , q}
3
as a solution in K[[x, t]]. By nested approximation theorem ([14]), we can approxi-
mate this solution by a solution

(U1, . . . , Un) = Φ˜(x, t)
(V1, . . . , Vp) = Ψ˜(t)
Wk,j = ξ˜k,j(x, t), (j, k) ∈ {1, . . . , l} × {1, . . . , q}
in Kalg[[x, t]]. As a consequence
Fk(x, Φ˜(x, t), Ψ˜(t)) =
l∑
j=1
ξ˜k,j(x, t)(tj −Gj(x))
for any k ∈ {1, . . . , q}, and therefore
F (x, Φ˜(x,G(x)), Ψ˜(G(x))) = 0.
It remains to say that ˜˜Φ(x) = Φ˜(x,G(x)) approximate Φ˜(x) in Kalg[[x]]
n since Φ˜(x, t)
approximate Φ˜(x) in Kalg[[x, t]]
n, and therefore ˜˜Φ and Ψ˜ give the desired solutions.

Remark 1.4. If the nested Artin approximation is the key tool for proving Theorem
1.1, conversely one may also note that the nested Artin approximation for two sets
of variables x1 and x2 could be seen as a consequence of Theorem 1.1. Indeed, let
F ∈ Kalg[[x1, x2, y, z]]q be such that F (0) = 0. Assume that there exists Ψ ∈ K[[x1]]
and Φ ∈ K[[x1, x2]] such that Φ(0) = Ψ(0) = 0 and
F (x1, x2,Ψ(x1),Φ(x1, x2)) = 0.
This last equation is equivalent to
F (x1, x2,Ψ2 ◦G(x1, x2),Φ(x1, x2)) = 0.
where G(x1, x2) = (x1, 0) and Ψ2 is just Ψ viewed in K[[x1, x2]]. By Theorem 1.1,
one can approximate Ψ2 ∈ K[[x1, x2]] and Φ ∈ K[[x1, x2]] respectively by Ψ˜2 ∈
Kalg[[x1, x2]] and Φ˜ ∈ Kalg[[x1, x2]] such that
F (x1, x2, Ψ˜2 ◦G(x1, x2), Φ˜(x1, x2))) = 0,
or in other words
F (x1, x2, Ψ˜2(x1, 0), Φ˜(x1, x2))) = 0.
Since Ψ˜2(x1, x2) approximate Ψ(x1) in K[[x1, x2]], then Ψ˜2(x1, 0) approximate also
Ψ(x1).
In other words, nested Artin approximation for a set of two variables and Artin
approximation compatible with a change on a set of two variables are closely related
notions.
One may readily generalize Theorem 1.1 to a change on several sets of variables :
Theorem 1.5. Let m,mi, li, q ∈ N and consider some sets of variables x = (x1, . . . , xm),
yi = (yi,1, . . . , yi,mi), for i ∈ {0, . . . , n}. Let F ∈ Kalg[[x, y0, . . . , yn]]
q and let
Gi ∈ Kalg[[x]]li be such that F (0) = 0 and Gi(0) = 0 for i ∈ {0, . . . , n}.
Assume there exist some ni-tuples of formal power series Ψi such that, for each
i ∈ {0, . . . , n}, one has Ψi(0) = 0 and
F (x,Ψ0(x),Ψ1(G1(x)),Ψ2(G1(x), G2(x)), . . . ,Ψn(G1(x), . . . , Gn(x))) = 0.
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Then, one can approximate all the Ψi’s by algebraic ni-tuples of power series Ψ˜i
such that
F (x, Ψ˜0(x), Ψ˜1(G1(x)), Ψ˜2(G1(x), G2(x)), . . . , Ψ˜n(G1(x), . . . , Gn(x))) = 0.
As it has already been noted in Remark 1.4, this result is equivalent to nested
Artin approximation.
2. Global case
The global versions of Artin approximation we deal with in this paper, are very
similar in the real and complex setting. We give more details for the real case,
with which the reader may be less familiar. The common idea is to translate the
modification in the source variables of the solution in terms of inclusion of Nash
sets. Then we use Cartan Theorem B in order to describe this inclusion by global
equations, increasing the number of variables. Then we apply nested approximation
to obtain the desired solution, in the same way as in the local case.
2.1. Real case. The interest for Nash functions and Nash manifolds in real ge-
ometry comes from the original work of Nash [8], whose purpose was to equip any
analytic manifold with a real algebraic structure. The use of Nash functions is now
classical, in an intermediate step between polynomials and analytic functions (cf.
[11]). Concerning more specifically Artin approximation, the first global version has
been used in [2] in order to solve difficult questions on Nash functions, whereas its
nested version has been used in [3] in order to approximate an analytic resolution
of the singularities of a Nash function by a Nash resolution.
In all the following, the approximations are considered with respect to the C∞
topology.
For the convenience of the reader, we recall Proposition 3.1 in [3] (in the particular
case where Mi = Xi are compact Nash manifolds, for i = 1, . . . , m) that will be the
key to prove the main result of this section and which can be seen as a global
counterpart of the nested approximation theorem. For a Nash manifold M , we
denote by O, respectively M, its sheaf of analytic, respectively Nash, function
germs.
Theorem 2.1. Let M1, ...,Mm be compact Nash manifolds and l1, ..., lm, n1, ..., nm ∈
N. Let Fi ∈ N (M1 × · · · ×Mi × R
l1 × · · · × Rli)ni and fi ∈ O(M1 × · · · ×Mi)
li, for
i = 1, ..., m, be such that
Fi(x1, ..., xi, f1(x1), ..., fi(x1, ..., xi)) = 0,
as elements of O(M1 × · · · ×Mi)ni. Then there exist f˜i ∈ N (M1 × · · · ×Mi)li, for
i = 1, ..., m, close to fi in the C
∞ topology, such that
Fi(x1, ..., xi, f˜1(x1), ..., f˜i(x1, ..., xi)) = 0
in N (M1 × · · · ×Mi)ni.
Next result can be seen as an Artin approximation compatible with a change of
variables, or in other words, as a global counterpart in the real setting of Theorem
1.1.
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Theorem 2.2. Let M,N,L and P be compact Nash manifolds, q ∈ N be an integer
and F :M ×N × P → Rq and G :M → L be Nash maps.
Assume there exist analytic maps Φ : M → N and Ψ : L → P such that
F (x,Φ(x),Ψ ◦ G(x)) = 0 for any x ∈ M . Then there exist Nash maps Φ˜ : M → N
and Ψ˜ : L → P , close to Φ and Ψ, such that F (x, Φ˜(x), Ψ˜ ◦ G(x)) = 0 for any
x ∈M .
Before entering into the details of the proof, we state an classical auxiliary lemma.
Lemma 2.3. Let M be a Nash manifold, let X ⊂ M be a Nash subset and take
x ∈ X. Denote by I ⊂ NM,x the ideal of Nash germs whose complexification vanishes
on the complexification XC of X in a neighbourhood of x. Then IOM,x is equal to the
ideal of analytic germs whose complexification vanishes on XC in a neighbourhood
of x.
Proof. The non obvious inclusion follows from the local complex analytic Ruckert’s
Nullstellensatz [6] and by faithfully flatness of OM,x over NM,x. Actually, a germs
at x whose complexification vanishes on XC belongs to the radical of IOM,x by the
Nullstellensatz. Moreover IOM,x remains radical, by faithfully flatness, since so is
I. 
Proof of Theorem 2.2. We are going to translate the condition that Φ satisfies
F (x,Φ(x),Ψ ◦G(x)) = 0
for any x ∈ M in such a way to be able to use nested approximation. The idea is
to note that this condition is equivalent to the fact that the image of the graph of
G by the map
(Id,Φ)×Ψ :M × L→M ×N × P
(x, y) 7→ (x,Φ(x),Ψ(y))
is included in the set F−1(0).
Assume M,N,L and P are respectively embedded in Rm,Rn,Rl and Rp as closed
Nash manifolds, and let hN : R
n → R and hP : R
p → R be some global equations
for N and P respectively (they exist by [11]). Let Γ ⊂ M × L denote the graph
of G, and let I be the sheaf of NM×L-ideals of germs whose complexifications are
vanishing on the complexification ΓC of Γ. Then, we know by [2] that there exist
global generators g1, . . . , gs of I.
We want to approximate the analytic maps Φ and Ψ keeping the property that
((Id,Φ)×Ψ)(Γ) ⊂ F−1(0).
By Lemma 2.3 applied to Γ ⊂ M ×L, we can use Cartan Theorem B to deduce the
surjectivity of the homomorphism
H0(M × L,OsM×L)→ H
0(M × L, IOM×L)
defined by (ξ1, . . . , ξs) 7→
∑s
j=1 ξjgj (note that this step is the major change with
respect to what has been done in the lobal case). In particular, considering the
global cross-section
F ((Id,Φ)×Ψ)
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of IOM×L, we obtain that there exist analytic functions ξk,1, . . . , ξk,s on M ×L such
that
∀k ∈ {1, . . . , q}, ∀(x, y) ∈ M × L, Fk(x,Φ(x),Ψ(y)) =
s∑
j=1
ξk,j(x, y)gj(x, y).
Moreover hN(Φ(x)) = 0 for x ∈ M and hP (Ψ(y)) = 0 for y ∈ L. Now consider the
system of equations

F1(x, U1, . . . , Un, V1, . . . , Vp)−
∑s
j=1W1,jgj(x, y) = 0
...
Fq(x, U1, . . . , Un, V1, . . . , Vp)−
∑s
j=1Wq,jgj(x, y) = 0
hN (U1, . . . , Un) = 0
hP (V1, . . . , Vp) = 0
with variables
(Ui, Vr,Wk,j)(i,j,k,r)∈{1,...,n}×{1,...,s}×{1,...,q}×{1,...,p}.
This system of equations involves Nash maps and functions, and it admits analytic
solutions given by

(U1, . . . , Un) = Φ(x)
(V1, . . . , Vp) = Ψ(y)
Wk,j = ξk,j(x, y) for all (j, k) ∈ {1, . . . , s} × {1, . . . , q}.
By nested approximation in the Nash case (Theorem 2.1 applied to (x1, x2) = (y, x)),
we can approximate these analytic solutions by Nash solutions


(U1, . . . , Un) = Φ˜(x, y)
(V1, . . . , Vp) = Ψ˜(y)
Wk,j = ξ˜k,j(x, y), for all (j, k) ∈ {1, . . . , s} × {1, . . . , q}.
In particular Φ˜ and Ψ˜ take respectively values in N and P , and moreover, evaluating
at y = G(x), we obtain for any x ∈M the equality
F (x, Φ˜(x,G(x)), Ψ˜(G(x))) = 0.
We conclude by remarking that the Nash map x 7→ Φ˜(x,G(x)) still is an approxi-
mation of Φ, and together with Ψ˜, they give the requested solution. 
Remark 2.4. (1) Similarly to the local case, we deduce easily from Theorem 2.2
the main result in [12], namely that Nash maps on a compact Nash manifold
are Nash Right-Left equivalent if they are analytic Right-Left equivalent.
(2) Theorem 2.2 can be refined to the case of germs of Nash maps, defined on
germs of compact semialgebraic sets in Nash manifolds (cf. [12] for example).
2.2. Complex case. In the complex setting, the result is very similar, providing
to use the correct analogue of the global nested Artin approximation. By [7], we
can approximate a holomorphic solution of a Nash algebraic equation on a compact
polynomial polyhedron (namely the intersection of a finite number of sets of the form
|f | ≤ 1 for f a complex polynomial; note that the ring of holomorphic functions
on such a set is Noetherian by [4]) by a Nash algebraic solution. Here by Nash
algebraic, we follow the terminology of [7] who defined a Nash algebraic map to be
a homolorphic map between affine complex algebraic varieties whose components
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satisfy polynomial equations. Therefore we obtain next result by a proof completely
similar to that of Theorem 2.2:
Theorem 2.5. LetM,N,L and P be non singular affine complex algebraic varieties,
and F :M ×N × P → Cq and G :M → L be regular maps.
Assume that there exist some holomorphic maps Φ : M → N and Ψ : L → P
such that F (x,Φ(x),Ψ ◦ G(x)) = 0 for any x ∈ M . Let A ⊂ M and B ⊂ L
be compact polynomial polyhedra satisfying G(A) ⊂ B. Then Φ|A and Ψ|B can be
approximated by Nash algebraic maps Φ˜ : A → N and Ψ˜ : B → P such that
F (x, Φ˜(x), Ψ˜ ◦G(x)) = 0 for x ∈ A.
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